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Abstract 

Powers has shown that each spatial Po-semigroup can be obtained from the boundary 
weight map of a CP-flow acting on B(K <£) L 2 (0,oo)) for some separable Hilbert space 
K. In this paper, we define boundary weight maps through boundary weight doubles 
(<p, v), where <f> : M n (C) — > M n (C) is a g-positive map and v is a boundary weight over 
L 2 (0, oo). These doubles induce CP-flows over K for 1 < dim(K) < oo which then 
minimally dilate to Po-semigroups by a theorem of Bhat. Through this construction, 
we obtain uncountably many mutually non-cocycle conjugate Po-semigroups for each 
n > l,n £ N. 
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1. Introduction 

Let H be a separable Hilbert space, denoting its inner product by the symbol ( , ) 
which is conjugate-linear in its first coordinate and linear in its second. A result of Wigner 
in (l6| shows that every weakly continuous one-parameter group of ^-automorphisms 
{at}teR of B(H) is implemented by a strongly continuous unitary group {Ut}t£R in that 
ctt(A) = UtAUf for all A £ B(H) and t £ R. This leads us to pursue the more general 
task of classifying all suitable semigroups of *-endomorphisms of B(H): 

Definition 1.1. We say a family {at}t>o of *-endomorphisms of B(H) is an Po-semigroup 
if: 

1. a s+t = a s ° C( for all s,t>0, and ciq(A) = A for all A £ B(H). 

2. For each f,g G H and A G B{H), the inner product (/, at(A)g) is continuous in t. 

3. at {I) — I for all t > (in other words, a is unitaL). 
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Wc have two different notions of what it means for two Eg -semigroups to be the same, 
namely conjugacy and cocycle conjugacy, the latter of which arises from Alain Conncs' 
definition of outer conjugacy. 



Definition 1.2. Let a and j3 be Eo-semigroups on B(H\) and B(H2), respectively. We 
say that a and (3 are conjugate if there is a * -isomorphism 9 from B{H\) onto B{H2) 
such that 9 o at — fit ° 9 for all t > 0. We say that a and /3 are cocycle conjugate 
if a is conjugate to j3' , where f3' is an E^-semigroup on Biji^) satisfying the following 
condition: For some strongly continuous family of unitaries U = {Ut '■ t > 0} acting on 
H2 and satisfying Ut+ S — UtPt{Us) for all s,t > 0, we have (3' t (A) — [/ t /3 t (A)[/ t * for all 
A € B{H2) and t > 0. Such a family of unitaries is called a unitary cocycle for /?. 

£?o-semigroups are divided into three types based upon the existence, and structure 
of, their units. More specifically, let a be an ^-semigroup on B(H). A unit for a is 
a strongly continuous semigroup of bounded operators U — {U(t) : t > 0} such that 
a t (A)U(t) = U(t)A for all A € B(H). Let U a be the set of all units for a. We say a is 
spatial if lA a 7^ 0, while we say that a is completely spatial if, for each t > 0, the closed 
linear span of the set {U\{t\) ■ ■ ■ U n {t n )f : f 6 H,ti>0 and U{ £ U a V i,Y^U = *} 1S H. 
If an i? -semigroup a is completely spatial, we say it is of type I. If a is spatial but is 
not completely spatial, we say a is of type II. If a has no units, we say it is of type III. 

If a is of type I or II, we may further assign an integer n G Z>o U {00} to a, in which 
case we say a is of type I ra or II„. We call n the index of a. It was initially defined in 
different ways in [l2| and Q , and the connection between these definitions was explored 



in [14[. The index of a is the dimension of a particular Hilbert space associated to its 
units, and it is perhaps the most fundamental cocycle conjugacy invariant for spatial Eq- 
semigroups. Arveson showed in [2 that the type I E -semigroups are entirely classified 
(up to cocycle conjugacy) by their index: the type Io £t)-semigroups are semigroups of *- 
automorphisms, while for n £ NU{oo}, every type I„ iVsemigroup is cocycle conjugate 
to the CAR flow of rank n. 

However, at the present time, we do not have such a classification for those of type 



II or III. The first type II and type III examples were constructed by Powers in and 
[l3j |. Through Arveson's theory of product systems, Tsirelson became the first to exhibit 
uncountably many mutually non-cocycle conjugate £Vsemigroups of types II and III (see 
[l5j| ) . A dilation theorem of Bhat in Q shows that every unital CP-flow a can be dilated 
to an Po-semigroup, and that there is a minimal dilation a d of a which is unique up 
to conjugacy. Using Bhat's result, Powers proved in Q that every spatial -Eo-semigroup 
can be obtained from the boundary weight map of a CP- flow over a separable Hilbert 
space K. In he constructed spatial £Vsemigroups using boundary weights over K 
when dim(K) — 1 and then began to investigate the case when dim(K) = 2. 

Our goal is to use boundary weight maps to induce unital CP-flows over K for 
1 < dim(K) < 00 and to classify their minimal dilations to Po- sem ig ro ups up to cocycle 
conjugacy. To do so, we define a natural boundary weight map p — > w(p) using a 
unital completely positive map 4> and a normalized boundary weight v over L 2 (0,oo). 
The necessary and sufficient condition that this map induce a unital CP-flow a is that 
4> satisfies a definition of q-positive analogous to that from Q (see Definition 13.11 and 
Proposition I3.2p . in which case we say that a is the CP- flow induced by the boundary 
weight double (<fi, v). We develop a comparison theory for boundary weight doubles (0, v) 
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and (ij), v) (0 and tj) unital) in the case that v is a normalized unbounded boundary weight 
over L 2 (0, oo) of the form v{yj I - K{l)ByJl - A(l)) = (/, Bf), finding that the doubles 
induce cocycle conjugate Eq -semigroups if and only if there is a hyper maximal q-corner 
from (f> to ip (see Definition 14.41 and Proposition 14. 6[) . 

The problem of determining hyper maximal q-corners from (f) to tp becomes much 
easier if we focus on a particular class of q-positive maps, called the g-pure maps, which 
have the least possible ^-subordinates ( Definition ^. 2p . Given a q-positive map <fr acting on 
M„(C) and a unitary U € M n (C), we can form a new map <j>u by 4>u{A) = U*<p(U AU*)U . 
We describe the order isomorphism between the q-subordinates of and those of <pu, 
which in turn leads to the existence of a hyper maximal g-corner from <fi to <pu if (j> 
is unital and q-pure (Proposition I4.5[) . With this result in mind, we begin the task 
of classifying the unital q-pure maps. We find that the rank one unital g-pure maps 
<f> : M n (C) — » M n (C) are precisely the maps 4>{A) — p(A)I for faithful states p on M„(C) 
(Proposition 15. 2p . That these maps give us an enormous class of mutually non-cocycle 
conjugate i?o-semigroups in one of our main results (Theorem I5.4[) . Furthermore, for 
n > 1, none of the i?o-semigroups constructed from boundary weight doubles satisfying 
the conditions of Theorem l5.4l are cocycle conjugate to any of the i?o-semigroups obtained 
from one-dimensional boundary weights by Powers in Q fCorollarv l5.5[) . 

We turn our attention to the unital q-pure maps that are invertible. These maps 
are best understood through their (conditionally negative) inverses. In Theorem 16.111 
we find a necessary and sufficient condition for an invertible unital map </> on M ra (C) to 
be g-pure. In this case, however, if v is a normalized unbounded boundary weight of 
the form v(^J I — A(l)By/l — A(l)) = (f,Bf), then the E^-semigroup induced by the 
boundary weight double (cj), v) is entirely determined by v. This E^-semigroup is the one 
induced by v in the sense of [9(. 

2. Background 

2.1. Completely positive maps 

Let <fi : il —> *B be a linear map between C*-algebras. For each n € N, define 



We say that tp is completely positive if <j> n is positive for all n € N. A linear map 
<f> : B{H\) — > B(H-2) is completely positive if and only if for all Ai,...A n G B(Hi), 
hi - ■■ ifn S H 2 , and n € N, we have 



Stinespring's Theorem asserts that if il is a unital C* -algebra and cj) : it —> B(H) is a 
unital completely positive map, then <f> dilates to a *-homomorphism in that there is a 



K : M„(il) M n (5B) by 




^(/„^:4 J )/ 3 )>o. 



»>j=i 
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Hilbert space K, a *-homomorphism it : il — > B(K), and an isometry V : H ^ K such 
that 

0(A) = V*tt(A)V 

for all A G il. 

From the work of Choi (Q) and Arveson (fl), we know that a normal linear map 
4> : B(Hi) — > B{H2) is completely positive if and only if it can be written in the form 

n 

<j ) (A) = Y J S l AS* 
1=1 

for some n G N U {00} and maps Si : Hi — > Hi which are linearly independent over 
^(N) in the sense that if z i^i = for a sequence € ^(N), then z% = for 

all 2. With these hypotheses satisfied, the number n is unique. We will use the above 
conditions for complete positivity interchangeably. 

2.2. Conditionally negative maps 

We say a self- adjoint linear map %j) : B{K) — > B(K) is conditionally negative if, 
whenever Yj?=i A ifi = for A 1 ,...,A m G B(K), /i,...,/ TO € and m G N, we 
have yi" j (fj, il>(AJAj)fj) < 0. If if = C™, then from the literature (see, for example, 
Theorem 3.1 of |l0() we know that ijj has the form 

p 

ij)(A) = sA + YA + AY* - X l S l AS*, 

2 = 1 

where s G R, ir(Y) = 0, and for all i and j we have A 4 > 0, ir(Si) = and tr(S*S 3 ) = 
nSij , where p < n 2 is independent of the maps Si . 

This form for ip is unique in the sense that if ip is written in the form 

p 

ip(A) = tA + ZA + AZ* - fuTiAT*, 

i=l 

where f G R, tr(Z) = 0, and for all i and j we have fa > 0, ir(T<) = 0, and tr(T*Tj) = 
nSij, then s = t, Z = Y, and Y,i=i KS l AS* = J^Li ^ AT t for a11 A € M n (C). Indeed, 
let {v/c}fc = i be any orthonormal basis for C™, let hk — Vk/y/n for each k, let / G C" 
be arbitrary, and for fc = 1, . . . ,n, define Ak G M n (C) by = /ft,?. Using the trace 
conditions, we find 

n n n n 

J2^( A k)h k = Y,(h k ,h k )sf + J2{ h k,hk)Yf + J2( h k,Y*hk)f 
fc=i fc=i fc=i fe=i 

n p 
fc=l i=l 

p n 
i=l fe=i 

p 

= sf + Yf-J2M0)Sif = sf + Yf. 



An analogous computation shows that Y^k=i ip(Ak)h>k = tf + Zf. Since / e C" was 
arbitrary, we conclude (t — s)I = Y — Z. Therefore, tr((t — s)I) — tr(Y — Z) = 0, so 
t = s and Y = Z. Consequently, £Li MSiAS? = £? =1 ^AT* for all A € M n (C). 

2.3. CP-flows and Bhat's theorem 

Let if be a separable Hilbert space and let H = K <8> L 2 (0, oo). We identify H with 
i 2 ((0, oo); if), the space of P-valued measurable functions on (0,oo) which are square 
integrable. Under this identification, the inner product on H is 



Let U = {Ut}t>o be the right shift semigroup on H, so for alH > and / € H we have 
(U t f)(x) = f(x- t) for x > t and (U t f)(x) = otherwise. Let A : B(K) -> B(H) be the 
map defined by (A(A)f)(x) = e- x Af{x) for all A E B(K)J e H. 

Definition 2.1. Assume the above notation. A strongly continuous semigroup a = {a t : 
t > 0} of completely positive contractions of B(H) into itself is a CP-flow if ctt{A)Ut — 
U t A for all A e B(H). 

A theorem of Bhat in [3] allows us to generate JSo-semigroups from unital CP-flows, 
and, more generally, from strongly continuous completely positive semigroups of unital 
maps on B(H), called CP-semigroups. We give a reformulation of Bhat's theorem (see 
Theorem 2.1 of 0): 

Theorem 2.2. Suppose a is a unital CP-semigroup of B{H\). Then there is an Eq- 
semigroup a d of B^H^) and an isometry W : Pi — > Hi such that 



a t {A) = W*af(WAW*)W 
and a t (WW*) > WW* for all t > 0. If the projection E — WW* is minimal in that the 



for f G K , Ai e P(Pi) and U > for all i = 1,2, ... ,n and n — 1, 2, . . . is P 2 , then a d 
is unique up to conjugacy. 

In [8(, Powers showed that every spatial Po-semigroup acting on B(S)) (for Sj a sep- 
arable Hilbert space) is cocycle conjugate to an Po-semigroup which is a CP-flow, and 
that every CP-flow over K arises from a boundary weight map over H — K ® £ 2 (0, oo). 
The boundary weight map p — > uj(p) of a CP- flow a associates to every p 6 P(P)» a 
boundary weight, that is, a linear functional Lj(p) acting on the null boundary algebra 



which is normal in the following sense: If we define a linear functional £(p) on B(H) by 




closed linear span of the vectors 



a d i (EA 1 E)---a d jEA n E)Ef 



2t(P) = y/l H - K{I K )B{H)^I H - A(I K ) 



£(p)(A) = u(p) (yi H - A(I K )A^I H - A(I K )) 



then t(p) £ B(H)*. Uw(p)(I H -A(I K )) = p(I K ) for all p £ B(K)», then a is unital. For 
the sake of neatness, we will omit the subscripts H and K from the previous sentence 
when they are clear. Let 5 be the generator of a, and define T : B(H) — > B(H) by T(A) = 
J °° e- l U t AU;. The resolvent R a := (I - S)- 1 of a satisfies R a (A) = J™ e-*a t (A)dt for 
all A £ B(H). Its associated predual map R a is given by 

R a (ri) = t(oj{kri)+n) (I) 

for all r)£B(H)*. 

A CP-flow a over J PC is entirely determined by a set of normal completely positive 
contractions 7r* = {irf : t > 0} from B(H) into B(K), called the generalized boundary 
representation of a. Its relationship to the boundary weight map is as follows. For 
each t > 0, denote by 7r t : B(K)* — > B(H)* the predual map induced by irf. For the 
truncated boundary weight maps p — > u>t(p) € B(H) if defined by 

wt(p)(A) = (UtUfAUtU;) , (2) 

we have 7Tt = wt(7 + Aw t ) _1 and cj t = fit (I — A7r t ) _1 for all t > 0. The maps {7r)f }b>o 
have a cr-strong limit 7rjf as 6 — > for each ^4 G Ut>o UtB(H)U* , called the normal spine 
of a. If a is unital, then the index of a d as an Pn-semigroup is equal to the rank of tt^ 
as a completely positive map (Theorem 4.49 of [8]). 

Having seen that every CP-flow has an associated boundary weight map, we would 
like to approach the situation from the opposite direction. More specifically, under what 
conditions is a map p — ¥ u(p) from P(P)* to weights acting on 2l(P) the boundary 
weight map of a CP-flow over Kl Powers has found the answer (see Theorem 3.3 of [9J]): 

Theorem 2.3. If p ui(p) is a completely positive mapping from B(K)* into weights 
on B(H) satisfying uj(p)(I — A(Ik )) < p(Ik) for all positive p £ P(P)*, and if the maps 
7r t :— u>t(I + Aujf)^ 1 are completely positive contractions from B(K)* into B(H)* for all 
t > 0, then p —¥ u>(fi) is the boundary weight map of a CP-flow over K . The CP-flow is 
unital if and only if u>(p)(I — A(Ik)) = p(Ik) for all p £ P(P)*. 

If dim(K) = 1, the boundary weight map is just c G C — > w(c) = cw(l), so we may 
view our boundary weight map as a single positive boundary weight u> := w(l) acting on 
2l(L 2 (0, oo)). Since the functional I defined on B(H) by 

1(A) = uj(^I-A{1)A^I-A(\)) 

is positive and normal, it has the form 1(A) — 5Zfc=i(/fc> Affc) for some mutually orthog- 
onal vectors \ Jk\ k= i , so 

n 

e> (y/I - A(1)A V J - A(l)) = Af k ) 

k=l 

for all A G P(P). If w is normalized (that is, w(J-A(l)) = 1), then £Li ||/fc|| 2 = 1- In 
9], Powers induced Po-semigroups using normalized boundary weights over L 2 (0,oo). 
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The type of Po-semigroup a induced by a normalized boundary weight 
w(yJ — K{l)Ay/l — A(l)) = X)fc=i(/fej A/fc) depends on whether w is bounded in the 
sense that for some r > we have |w(-B)| < r\\B\\ for all P £ 2l(P). Results from 
8] imply that a d is of type I„ if is bounded and of type Ho if uj is unbounded. If 
lj is unbounded, then both Wt(J) and w t (A(l)) approach infinity as t approaches zero. 
We will focus on normalized unbounded boundary weights over L 2 (0,oo) of the form 
— K(1)A^J I — A(l)) = (f,Af). We note that, as discussed in detail in [jj, such 
boundary weights are not normal weights. 

If a and /3 are CP-flows, we say that a > (3 if a t — (3 t is completely positive for all 
t > 0. The subordinates of a CP-flow are entirely determined by the subordinates of its 
generalized boundary representation (see Theorem 3.4 of Q): 

Theorem 2.4. Let a and f3 be CP-flows over K with generalized boundary representa- 
tions ir# = {irf} and = respectively. Then f3 is subordinate to a if and only if 
irf — £j is completely positive for all t > 0. 

Given two unital CP-flows a and /3, it is natural to ask when their minimally dilated 
Po-semigroups are cocycle conjugate. The following definition from Q provides us with 
a key: 

Definition 2.5. Let a and /3 be CP-flows over K± and K2, respectively, where H\ = 
Ki (S> L 2 (0, 00) and H2 = K2 <8> L 2 (0, 00). We say that a family of linear maps 7 = {74 : 
t > 0} from B(Lt2, H\) into itself is a flow corner from a to ft if the family of maps 
6 = {9 t : t > 0} defined by 



( All 


A 12 x 




I A 2l 


A22 , 


H 



at (An) 7t(Ai 2 ) 
Tf(A 2 i) ft(A 22 ) 



is a CP-flow over K\ © 

If "f is a flow corner from a to (3, we consider subordinates & = {Q' t : t > 0} of G 
£/ia£ are CP-flows of the form 



An A2 \ / «;(An) 7t(A X2 ) 
A21 A 22 J ■ \ 7t*(A2i) ^(A2 2 ) 



We say that 7 is a hyper maximal flow corner from a to ft if, for every such subordinate 
& of Q, we have a = a' and j3 = f3' . 

Our results will involve type Ho Po-semigroups. These are spatial Po-semigroups 
which are not semigroups of ^-automorphisms and have only one unit V = {Vt}t>o up 
to scaling by e tx for A € C. In the case that unital CP-flows a and (3 minimally dilate 
to type II Po-semigroups, we have a necessary and sufficient condition for a d and (3 d to 
be cocycle conjugate (Theorem 4.56 of [8j): 

Theorem 2.6. Suppose a and (3 are unital CP-flows over K\ and P 2 and a d and f3 d 
are their minimal dilations to E^-semigroups. Suppose 7 is a hyper maximal flow corner 
from a to f3. Then a d and (3 d are cocycle conjugate. Conversely, if a d is a type Ho and 
a d and (3 d are cocycle conjugate, then there is a hyper maximal flow corner from a to (3. 

We will later use this theorem to determine a necessary and sufficient condition for 
some of the Po-semigroups we construct to be cocycle conjugate (see Definition 14.41 and 
Proposition ^. 6p . 
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3. Our boundary weight map 



Recall that a completely positive linear map <f> can have negative eigenvalues. More- 
over, even if I+t<p is invcrtiblc for a given t, it does not necessarily follow that (^(I+tcj))^ 1 
is completely positive. In our boundary weight construction, we will require a special 
kind of completely positive map: 

Definition 3.1. A linear map <j> : M„(C) — > M„(C) is q-positive if <f> has no negative 
eigenvalues and 4>{I + tcj))^ 1 is completely positive for all t > 0. 

Henceforth, we naturally identify a finite-dimensional Hilbert space K with C™ and 
B{K ® L 2 (0,oo)) with M n (B(L 2 (0, oo))). Under these identifications, the right shift t 
units on K ® L 2 (0, oo) is the matrix whose zjth entry is <5jjVt for Vt the right shift on 
L 2 (0, oo). The map A nx „ : -B(if) — >• B{K®L 2 {0, oo)) sends annxn matrix B = (bij) e 
M n (C) to the matrix A„ x „(f?) whose ijth entry is bjjA(l) e B(L 2 (0, oo)). The null 
boundary algebra 2l(if) is simply M„(2l(L 2 (0, oo))). 

Given a boundary weight v over L 2 (0, oo), we write fi^nxfc fo r the map that sends an 
nxfcmatrixA= (Aij) e M„ X fe(2l(L 2 (0, oo))) to the matrix Sl Vi „ X k(A) e M nX fe(C) whose 
ijth entry is v(Aij). We will suppress the integers n and k when they are clear, writing 
the above maps as Vt v and A. In the proposition and corollary that follow, we show 
how to construct a CP- flow using a g-positive map c/> : M„(C) — > M„(C), a normalized 
boundary weight zv over L 2 (0,oo), and the map Q v := £!„,„><„ : 2l(il) — > M„(C). The 
map O y is completely positive since v is positive. 

Proposition 3.2. Let H = C™ <g> L 2 (0,oo). Le£ </> : M„(C) -> M„(C) 6e a unital 
completely positive map with no negative eigenvalues, and let v be a normalized unbounded 
boundary weight over L 2 (0,oo). Then the map p — > u>(p) from M„(C)* into boundary 
weights on 21(H) defined by 

w[p){A) = p(4>(n„(A))). 

is completely positive. Furthermore, the maps TT t ■= u>t(I + Aw t ) _1 define normal com- 
pletely positive contractions irf of B(H) into M„(C) for all t > i/ and only if <f> is 
q-positive. 

Proof. The map p — > w(p) is completely positive since it is the composition of two 
completely positive maps. Before proving either direction, we let s t — ^(A(l)) for all 
t > and prove the equality 

7T t (p) = P (cj>{I + S^)" 1 ^) (3) 

for all p € M„(C)*. Denoting by U t the right shift on H for every t > 0, we claim that 
(I + Aujt)- 1 = (I + stij))- 1 . Indeed, for arbitrary t > 0, B e M„(C), and p e M„(C)*, 
we have 

Ku t (j>)(B) = p(<f>(si v (U t u;A(B)UtU;j)) = p(>(a, t (A(B)))) = St p(^)). 

hence Aw t = s t and (I + Aw t ) _1 = (7 + st^) -1 . 
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For any t > and A E B(H), we have 

MP)(A) = Lo t (I + Ao Jt )- 1 (p)(A)=[(I + A^r 1 ( P ))m^ t (A))) 

\l + s t 4>)-\p)) (t(n ut (A))) = p({I + s^)- 1 ^ (A)) 



pU(i + s t <i>)-\n Vt {A)) 



establishing 

Assume the hypotheses of the backward direction and let t > 0. By construction, n t 
maps M n (C)* into B{H) ie . It is also a contraction, since for all p E M„(C)* we have 



l*t(p)ll 



l + i*(A(l)) 



< 



l + s t 

where the last inequality follows from the fact that 

-A(l))< -A(l)) = l. 

Therefore, for every t > 0, 7t t defines a normal contraction irf from B(H) into M„(C) 
satisfying fr t {p) = poirf for all p E M„(C)*. From Eq.Q we see irf — <j>(I + s^) -1 ^ , 
so 7r^ is the composition of completely positive maps and is thus completely positive for 
all t > 0. 

Now assume the hypotheses of the forward direction. By unboundedness of u, the 
(monotonically decreasing) values {st}t>o form a set equal to either (0, oo) or [0, oo). 
Choose any t > such that St > 0. Let T E B{H) be the matrix with ijth entry 
(l/v t {I))I, and let n t : M„(C) -> B(H) be the map that sends B = (by) E M„(C) to 
the matrix Kt(B) E B(H) whose r/th entry is (fry / 'v t {I))l . We note that n t is the Schur 
product B — > B ■ T, which is completely positive since T is positive. For all B E M n (C), 
we have 

4>(I+s t <t>)- 1 (B)=nf(K t (B)), 

so </>(/ + s t 0) _1 is the composition of completely positive maps and is thus completely 
positive. As noted above, the values {st}t>o span (0, oo), so <fi is q-positive. □ 



Corollary 3.3. The map p — > uj(p) in Provosition \ 3. 6 2\ is the boundary weight map of 
a unital CP -flow a over C n , and the Bhat minimal dilation a d of a is a type IIq Eq- 
semigroup. 



Proof. The first claim of the corollary follows immediately from Theorem 12.31 and 
Proposition 13.21 since 



u(p)(I - A(J C »)) = pWc*)) = p(/c») 



(4) 
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for all p G M„(C)*. For the second assertion, we note that by Theorem 4.49 of 0, 
the index of a d is equal to the rank of the normal spine 7Tq of a, where irf is the a- 
strong limit of the maps 

{7rf}b>o for each A G Ut>o U t B(H)U?. Fix t > 0, and let 
A E U t B{H)U;. From formula ©, 

^f(A) = 0(/ + ^(A(l))0)- 1 (^ b (A)). 

For all 6 < £ we have ||fii, t (.A)|| = ||fi„ t (A)|| < oo. Since f&(A(l)) -> oo as b ->• 0, we 
conclude lim^o IK& (-^)|| = 0j hence 7Tq = and the index of a is zero. However, a d 
is not completely spatial since a is not derived from the zero boundary weight map (see 
Lemma 4.37 and Theorem 4.52 of [8j]), so a d is of type ILj. □ 

Given a q-positive 4> : M n (<C) — ¥ M„(C) and a normalized unbounded boundary 
weight v over L 2 (0, oo), we call {4>,v) a boundary weight double. As we have seen, if 
</> is unital then the boundary weight double naturally defines a boundary weight map 
through the construction of Proposition 13.21 inducing a type Ho i?o-semigroup a d which 
is unique up to conjugacy by Theorem 12.21 We should note that it is not necessary for 
<j) to be unital in order for the boundary weight double to induce a CP-flow: If <fi is 
any g-positive contraction such that \\v t {I)4>(I + ^ (A(1))0) — 1 1 1 < 1 for all t > 0, then 
the arguments given in the proofs of Proposition 13.21 and Corollary 13.31 show that the 
boundary weight double (<p, v) induces a CP-flow a. However, if <p is not unital, then by 
Eq.Q and Theorem 12.31 neither is a. 

Motivated by [8j, we make the following definition: 

Definition 3.4. Suppose a : B(H\) — > B(Ki) and (3 : P(P^) P(AT 2 ) are normal and 
completely positive. Write each A € B{H\ © H2) as A = (Aij), where Aij G B(Hj,Hi) 
for each i,j = 1,2. We say a linear map 7 : P(i?2,i?i) — > B{K 2 ,K\) is a corner from 
atofiifip: B(H 1 ® H 2 ) -> B{K X ffi K 2 ) defined by 



1> 



( A n 


A 12 x 




{ A 21 


A22 1 


H 



a(A n ) j(A 12 ) \ 
7*(A 2 i) P(A 22 ) J 



is a normal completely positive map. 

We will repeatedly use the following lemma, which gives us the form of any corner 
between normal completely positive contractions of finite index. We believe that this 
result is already present in the literature, but we present a proof here for the sake of 
completeness: 

Lemma 3.5. Let H%, H 2 , Ki, and K2 be separable Hilbert spaces. Let a : B(H\) — > 
B(K\) and ft : P(P 2 ) — > B(K 2 ) be normal completely positive contractions of the form 

n p 

a(A n ) = Y,S i A 11 S*,f3{A 22 ) = ^P,A 22 T;, 
i=i j=i 

where n,p G N and the sets of maps {Si}" =1 and {Tj}? =1 are both linearly independent. 
A linear map 7 : P(PT 2 , Hi) — > B(K 2 ,K\) is a corner from a to ft if and only if for all 
A\2 G B{H2,H\) we have 

l{A 12 ) = 22cjjSiA 12 Tj, 

where C = (cij) € M nxp (C) is any matrix such that \\C\\ < 1. 
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( An 


A 12 x 




I A 21 


A 22 , 


)■( 



Proof. For the backward direction, let C = (cy) € M nxp (C) be any contraction, and 
define a linear map 7 : B(i? 2 ,i2i) -> B(X 2 ,^i) by 7(A) = CijS t AT* . We need to 
show that the map 

a(An) 7(^12) 
7*(A 21 ) /3(A 22 ) 

is normal and completely positive. To prove this, we first assume that n > p and 
note that by Polar Decomposition we may write C nxp — V nxp T pxp , where V nxp is a 
partial isometry of rank p and T is positive. Unitarily diagonalizing T we see C nxp = 
V nxp W* xp D pxp Wp X p. We may easily add columns to V nxp W pxp to form a unitary matrix 
in M„(C), which we call U*. Defining D = (dij) € M nxp (C) to be the matrix obtained 
from D by adding n—p rows of zeroes, we see U*D = V nxp W pxp D, so C nxp = U*DW pxp 
and 

uc nxp w; xp = d. 

In other words, 

Sktdkt if k < p 
if k > p 



CjjUkiWej = < 

Next, define {^}f =1 :H 1 ^K l and {Tj-}? =1 : H 2 ^ K 2 by 

n p 
fe=l £=1 

so Sj = J]fc=i "fei^X and Tj = Y%=i w tj T j for a11 * and 

Since U and are unitary, it follows that \\D\\ — \ \C\\ < 1 and that the maps {S'^f^ 
are linearly independent, as are the maps {T'}? =1 . We observe that for any An e B{H\) 
and A 22 G S(i7 2 ), 

n n P P 

^SiAuS; =J2S'MSD* and ^T^T* = E TpL 22 (Tj)*. 

i= 1 i—1 j — 1 j — 1 

Finally, for any A12 £ B(H 2l Hi), we use our above computations to find that 

y~]cijSiA 12 Tj = ^2 Qj u kiWjSkAi2(Tt)* ^ ( ^ tyj u kiWjS f k Ai2(Tt)*^ 

i,j i,j,k,£ k,£ i.j 

(fe<p),< »,j 

E (E c ^ ufc ^^( T ^*) 



We have shown that 



(k>p)J i,j 

J2dkkS' k A 12 (T' k r +0 = Y^d kk S' k A{T' k y . 

k<p k—1 
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L(A) 

for all 



EtiSiAniSlY EUduS'iA 12 (T!y 

E<=1 W^lW Ei=l ^22(T/)* 



1= ( 1 1 H*"' 



For each i = 1, . . . ,p, define ^ : Hx © iJ 2 -> K\ © K 2 by 

= 







iy 



so 



I ' \ 

i— 1 i— 1 x i— p+1 

Since ||-D|| < 1, the line above shows that L is the sum of three normal completely 
positive maps and is thus normal and completely positive. Therefore, 7 is a corner from 
a to j3. If, on the other hand, n < p, then the same argument we just used shows that 
7* is a corner from /3 to a, which is equivalent to showing that 7 is a corner from a to j3. 

For the forward direction, suppose that 7 is a corner from a to /3, so the map T : 
B(Hx © H 2 ) -> B(Ki © K 2 ) defined by 

_ ( E7=x SiAnS* 7 (A 12 ) 

7*(A 21 ) Ef =1 ^A 22 T/ 

is normal and completely positive. Therefore, for some g G N U {00} and maps Yi : 
H 1 © H 2 —> K\ © i"T 2 for i = 1, 2, linearly independent over £ 2 (N), we have 

T(A) = Y,Y i AY* 

i=l 

for all A G B(J?i © H 2 ). For i = 1, 2, let Bj G © H 2 ) be projection onto Hi, and 

let Fj G B(K\ © X 2 ) be projection onto Ki. Since a and f3 are contractions we have 
T(£'i) < F x and T(£ , 2 ) < F 2 , so Yj-EjYi* < for each i and j. It follows that each Y u 
i = 1, . . . q, can be written in the form 

Y, 



( Axx 


A 12 > 




\ A 21 


A 22 , 


H 



Si 
Ti 

for some ^ € B{Hx,Kx) and f< G B(H 2 ,K 2 ). 

Note that a(A n ) = £" =1 SiAnS? = £? =1 SiA u Si for all An G For each 

Si, define a completely positive map Li by Lj(A) = Si AS* for A G B(H\). Since a — Li 
is completely positive, it follows from the work of Arveson in [l[ that Sj can be written 
as 

n 

Si — ^ Tij Sj 

i=i 
12 



for some complex coefficients {?Y,}™ =1 . The same argument shows that for each Ti we 
have 

for some coefficients {&y}j = x- It now follows from linear independence of the maps 
{Yi\ q l=l that q < n + p. Let R = (ry) G il/ 9X „(C) and S = (6 y ) e M qxp (C), and let 
A € B{Hi). We calculate 



i—1 i—1 i—1 j,k—l 

n q 

= E (E r «^)^ A ^- ( 5 ) 

j,k=l i—1 

Let M = R T (R T )* e M„(C), so its jfcth entry is = X)i=i r y^fc- Unitarily di- 
agonalizing M as UMU* = D for some diagonal Z? and defining maps {S*-}" =1 by 
^£ = Sfe=i u ikSk, we see that Eq.© and the same linear algebra technique from the 
proof of the backward direction yield 

n n n n 

J2 S l AS l* = J2SiAS* = E rnjkSjASt = E^ASf . 

i—1 i—1 j,k=l i—1 

Therefore D = I and consequently M — I, hence ||i?|| = 1. An identical argument shows 
that \\B\\ = 1. 
Let 

An Ai 2 



be arbitrary. Let C = (c jk ) e M nxp (C) be the matrix C = {B* R) T , noting that ||C|| < 1. 
A straightforward computation of T(A) = Y^i=i YiAY* yields 



7 (a 12 ) = E^i2^* = E((E a >A)^i2(Ew 

i=l i=l j = l k=l 

q 

= E ( E a H b ik) S 3 A 12 T£ = E CjkSjAi 2 T, 



l k ; 

j.k i—1 j,k 

hence 7 is of the form claimed. □ 

4. Comparison theory for ^-positive maps 

Just as in the general study of various classes of linear operators, it is natural to 
impose, and examine, an order structure for g-positive maps. If <f> and %j) are g-positive 
maps acting on M n (C), we say that <p (/-dominates ip (and write 4> >g VO if 4>(I + t<f>) — 
+ tt/j)^ 1 is completely positive for all t > 0. We would like to find the g-positive 
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maps with the least complicated structure of ^-subordinates. That last statement is not 
as simple as it seems. We might think to define a g-positive map <f> to be "g-pure" if 
>q ip >q implies ip = \<f) for some A € [0, 1], but there exist g-positive maps <fi such 
that for every A € (0, 1) we have 4> ~jt q \<f>. One such example is the Schur map <j> on 
M 2 (C) given by 

/ an 012 \ _ / an ( i ^ i )ai 2 \ 

V a 21 0,22 J V ( i f i )a21 022 / ' 

As it turns out, every g-positive map is guaranteed to have a one-parameter family of 
^-subordinates of a particular form: 

Proposition 4.1. Let <j> > q 0. For each s>0, let ^ = <j>(I + s^) -1 . Then ^ > q 
for all s > 0. Furthermore, the set {<p^} s >o is a monotonically decreasing family of 
q- subordinates of (f>, in the sense that cj)^ 1 ^ > q 0( S2 ) if s\ < S2- 

PROOF. For all s > and t > 0, we have 

<P^(I + t^W)- 1 = </>(/ + S0)- 1 (7 + £0(7 + S(? 

= fl + i<£(I + s</>)) (J + sq 
= <P(I + {s + t)cp)-\ 

which is completely positive by g-positivity of (f>. Therefore, <f)( s > > q for all s > 0. 

To prove that 0^ Sl ' > q 0( S2 ) if si < S2, we let t > be arbitrary and examine the 
map 

$ := + t^y 1 - <t>( S2 \i + t^y 1 . 

Letting t\ = Si + 1 and t% = s 2 + we make the following observations: 

(ftMtf + tyM)- 1 = j>M for j = 1,2, (6) 
^(*0 _ = ( j + <20) -i + t2<j))(/) _ + tl<f ^ (/ + ( 7 ) 
Equations © and ([7]) give us 

$ = (7 + t 2( /))- 1 (V + f 2 #£-0(I + ti0)) (I + ti^)- 1 



= (/ + t2</>) _1 ((<2-tl)0 2 )(/ + tl 

= (*a - ti)(<t>{i + t 2 4>r 1 ) (hi + Mr 1 ) ■ 



The last line is a non-negative multiple of a composition of completely positive maps and 
is thus completely positive. We conclude that cj)^ 1 ^ > q H S2 \ □ 

We now have the correct notion of what it means to be g-pure: 

Definition 4.2. Let (j) : M„(C) — » M n (C) be unital and q-positive. We say that (f> is 
q-pure if its set of q- subordinates is precisely {0} U {<^ s '} s >0- 
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Lemma 4.3. Let v be a normalized unbounded boundary weight over L 2 (0,oo) of the 
form 

i/(V7-A(l)BV^-A(l)) = (/, Bf). 

Let <ft '■ M n (C) — > M n (C) be a q-positive contraction such that \\vt(L)<ft(L+h>t(A-(l))<ft)~ 1 \\ < 
1 for all t > 0, and let a be the CP -flow derived from the boundary weight double (<ft, v), 
with boundary generalized representation it = {wf }t>o- 

Let ft be any CP-flow over C n , with generalized boundary representation t& = {£t}t>o 
and boundary weight map p — > rj(p). Then a > ft if and only if ft is induced by the 
boundary weight double {ift, v), where ip : M„(C) — > M n (C) is a q-positive map satisfying 
> q ip- 

Proof. As before, for each t > we let St — z^(A(l)). Assume the hypotheses of the 
backward direction. Then = ip(L + St-0) _1 i7„ t , and the direction now follows from 
Theorem 12.41 since the line below is completely positive for all t > 0: 

4 - s* = w + sttf)- 1 - + s^y 1 )^. 

Now assume the hypotheses of the forward direction. Recall that by construction of v, the 
set {st}t>o is decreasing. If s t > for allt > we define P — oo. Otherwise, we define P 
to be the smallest positive number such that sp = 0. Fix any to £ (0, P). Notationally, 
write each g e H := C" ® L 2 (0, oo) in its components as g{x) = (gi(x), . . . , g n (x)), and 
write ft for the function V to V t *f € L 2 (0, oo), where V to is the right shift to units on 
L 2 (0, oo). Let U to be the right shift t units on H. Under our identifications, U ta U^ is 
the diagonal matrix in M n (B(L 2 (0, oo))) with ii th entries V to V t * . Define S : H -> C" by 

Sg = {(fto,9l),---,(fto,9n)), 

noting that f2„ (A) = SAS* for all A £ B(H). Since <ft(L+ stoift)^ 1 is completely positive, 
we know it has the form <ft(I + s to (ft)^ 1 {M) = Y^hLi RiMR^ for some i?i,...,i? m £ 
M n (C). Therefore, 

rn 

4 {A) = + stotr 1 ) (A)) = RiSAS*R*. 

1=1 

The map £f is a subordinate of irf , so from Arveson's work in metric operator spaces 
in (U, we know that has the form 

m 

Z#(A) = J2 c ij R i SAS*R*, 

for some complex numbers {cy}. Let L t „ be the map L to (M) = J2i j c ijRiMR*-, noting 
that t*(A) = L t0 (SAS*) = L to {n vto (A)) for all A e B(H). 

Defining ip to ■ M n (C) — > M n (C) by ^ = (I — ^A)~ 1 L to , we find that for arbitrary 
Ae B(H) and i € M n (C), 
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r)M{A) = (4(/-A6 )- 1 )(p)(A) = p((/-^A)- 1 fet(A))) 

= p(<iI-$A)- 1 L t0 (n Uto {A)))=pty to (n vto A)) (8) 

and 

k ntQ {p){A) = Vt0 (p)(A(A)) =p(^ iD (^ to (A(i)))) = s tD /#t (i)), (9) 
so A77 to = s to ip to . 

Using formulas © and © and the fact that £t = ?7t (/ + A?7 to ) _1 , we find 

pfet) = it ( P ) = vt (i + Am r 1 (p) = ((i + Avt )-Hpj)Wt n Vt0 ) 

= ((/ + «to^o)~ 1 (p))(^tofi»* ) = p((^ + ^ V' t o)"V t o^ to ) 

for all p € M„(C)*, hence £ t # = Vto( J + StoV'to)" 1 ^ ■ 

We now show that the maps {ipt}t>o are constant on the interval (0, P). Let t E [to, P) 
be arbitrary. For each A = (ay) € A/„(C), let A € B(H) be the matrix with ijth entry 
(ay I Vt(I))VtV t * . Let p E M„(C)*. Straightforward computations using formula @ yield 
flt (A) = flt(A) — A and rj to (p)(A) = r) t (p)(A). Combining these equalities gives us 

P (iPt (Aj) = P^t o n„ to (A)) = Vt0 (p)(A) 

= Vt (p)(A) = pWMA)) = P(MA)). 

Since the above formula holds for every A E M„(C) and p E M n (C)* , we have ipt = i't- 
But both to E (0, P) and t E [to,P) were chosen arbitrarily, so the previous sentence 
shows that ip t = 4>t f° r all t E (0, P). 
Letting ip = ipt , we have 

it = ip{i + s t ip)~ 1 n Vt (io) 

for all t E (0, P). Defining n t as in the proof of Proposition 13.21 we observe that ip(I + 
Stip)~ 1 — it n t for all t E (0,P), where the right hand side is completely positive by 
hypothesis. Since every t E (0, oo) can be written as t = Sf for some t' E (0, P), it follows 
that ip(I + tip)" 1 is completely positive for all t > 0. Furthermore, ip(I + Stip)" 1 — > ip 
in norm as t — > oo, hence ip > q 0. Similarly, since irt — it 1S completely positive for all 
t > by assumption, it follows from our formula 

0(/ + stcpy 1 - ip(i + stipy 1 = (4 - & # K 

that (p(I + Step)" 1 — ip(I + stipy 1 is completely positive for all t > 0, and so its norm 
limit (as t — > oo) <p — ip is completely positive. Therefore, </> > q ip. Finally, since the CP- 
flow P is entirely determined by its generalized boundary representation which itself 
is determined by any sequence {it} with t n tending to (see the remarks preceding 
Theorem 4.29 of [8J), it follows from (flU)) that (3 is induced by the boundary weight 
double (tp,i')- □ 
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In a manner analogous to that used by Powers in [9[ and [8(, we define the terms 
q-corner and hyper maximal q-corner: 

Definition 4.4. Let <j) : M„(C) -> M„(C) and ip : M k (C) -» M k (C) be q-positive maps. 
A corner 7 : M„ X fe(C) — » M nX fc(C) /rom 4> to ip is said to be a q-corner from <ft to ip if 
the map 

Y [ AtXn -B„ x fe \ _ f 4>(A n xn) l{B n xk) \ 
V Cfexn £>fcxfc / V 7*(Cfexn) ^{Dkxk) J 

is q-positive. A q-corner 7 is called hyper maximal if whenever 

x > r = ( * 7 ^ > o 

we have T = T'. 

Proposition 4.5. For any q-positive (f> : M n (C) — > M„(C) and unitary U G M n (C), 
define a map <f>u by 

4>u{A) = U*cj){UAU*)U. 

1. TTie map </>[/ is q-positive, and there is an order isomorphism between q-positive 
maps (3 such that <fi > q j3 and q-positive maps /3jj such that <f>u > (3jj- In particular, 
tf> is q-pure if and only if tfiu is q-pure. 

2. If (p is unital and q-pure, then there is a hyper maximal q-corner from <f> to 4>u- 

Proof. To prove the first assertion, we define a completely positive map £ on M„(C) 
by ((A) — U*AU, noting that £ _1 is also completely positive. For every t > and 
A G M n (C), we find that (I + tyu)- 1 (A) = U*(I + t(/))- 1 (UAU*)U and 

(j}u{I + tcj )u )-\A) = U*ct>(u{U*{I + t(t>)- l {UAU*)U)U*\u 

= u*4>(i + t4>y 1 (uAu*)u 

= (o^I + t^oC^A), (11) 

so 4>u > q 0. Given any q-positive map j3 such that <f> > q /3, define /3jj by fiu{A) = 
U*/3(UAU*)U. Then p v is q-positive by (JTTJ) , and for each i>0we have 



Mi + Wu)- 1 - Pu{i + tPuV 1 = C o W + H)- 1 - (3(i + tpy 1 ) o c\ 

hence <pu > q j3jj- Of course, since 4> = (4>u)u*, the argument just used gives an identical 
correspondence between q-subordinates a of tfiu and ^-subordinates aw of <f>. Our first 
assertion now follows. 

To prove the second statement, we define 7 : M„(C) — > M n (C) by y(A) — cj>(AU*)U . 
By Lemma 13.51 7 is a corner from <f> to cf>u, so the map 

n ( An A u \ ( <j>{An) 7(^12) \ 
^ A n A 22 J { 7*(A a i) <M^ 2 ) / 

is completely positive. We calculate 7(1 + t^/)^ 1 (A) — cj>(I + t(p)^ 1 (AU*)U, so for each 
t > and A = (Ay) G M 2 „(C), we have 
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«rr + /ftWr^-f <t>(l + t<t>)- 1 (A n ) 4>(i + t<t>)- l {A 12 u*)u \ 
u ( i + tu) (A) - ^ + t(f)) -i {UA2i) + t(t)u )^(A 22 ) ) ■ 

This shows that j(I + t-f) -1 is a corner from <f>(I + tip)^ 1 to 4>u(I + t ( t>u)~ 1 for a U t > Q, 
so 7 is a (/-corner. Finally, if 



e' 



A n Au,\ = ( a(A u ) j(A 12 ) 
A 2 i A 22 j \ 7 *(A 21 ) /3{A 22 ) 



is g-positive and > q 9', then since <f> and (f>u are g-pure we have a = 4>{I + ttp)^ 1 for 
some t > and /? = <fo/(/ + s^c/) -1 for some s > 0. Complete positivity of 9' implies 
that 

so s = i = and 9 = 0', hence 7 is hyper maximal. □ 

We have arrived at the key result of the section, which tells us that, under certain 
conditions, the problem of determining whether two ^-semigroups induced by boundary 
weight doubles are cocycle conjugate can be reduced to the much simpler problem of 
finding hyper maximal g-corners between g-positive maps: 

Proposition 4.6. Let v be a normalized unbounded boundary weight over L 2 (0,oo) 
which has the form v{^J I — k{\)B^J I — A(l)) = (f,Bf). Let <ft o,nd ip be unital q- 
positive maps on M n (C) and Mfc(C), respectively, and induce CP-flows a and (3 through 
the boundary weight doubles {4>,v) and (ip,u). 

Then a d and (3 d are cocycle conjugate if and only if there is a hyper maximal q-corner 
from 4> to ip. 

Proof. Let N = n + k. For the forward direction, suppose a d and (3 d are cocycle 
conjugate. Since a d and [3 d are of type Ho, we know from Theorem 12.61 that there is a 
hyper maximal flow corner a from a to /3, with associated CP-flow 
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a a 

a* /3 



Let il # = {llf }, 7r# = {irf}, and £ # = be the generalized boundary representa- 

tions for 9, a, and j3, respectively. Define St = ft(A(l)) for all positive t, so for each 
t > there is some 3t such that 



n 



/ 7Tj' Ot \ J <j>{I + S t 4>) 1 oQ l/tinxn 3t 
t St 



Since each 3t is a corner from <p{I + s t <j)) 1 o S]„ ti „ x „ to ip(I + st<f>) 1 ° Sl Vt ,kxk) we have 
3t = L t o il^.nxk for some L t . Define B t for each t > by 



B t = 



^(L + s^)- 1 L t 

L* t iPiL + s^)- 1 

18 



We observe that 11^ = B t o ilut,NxN for all t > 0, whereby the same argument given in 
the proof of Lemma l4~3l shows that each B t has the form B t — Wt(I + StWt) for some 
Wt ■ M n (C) —> M„(C) and that the maps Wt are independent of t. Therefore, for some 
7 : M nxk (C) -> M„ X fc(C), we have 

3t = j(I + s^y 1 o Cl VunXk 

for all t > 0. Define Kt,NxN '■ -^jv(C) — » B(H) as in Proposition 13.21 Letting 



</> 7 

7* V . 

we observe for each t that + St$) _1 = nf o Kt.NxN is the composition of completely 
positive maps and is thus completely positive, hence $ > q 0. Suppose that for some map 
■d' we have 

;)a.o. 

As in Proposition 13.21 the boundary weight map p 6 Mjv(C)* — > L(p) defined by 
L(p)(C) — p{& '(0, Vj nxn(C)) induces a CP- flow 0' over C , where for some CP- flows 
a' over C" and j3' over C fc , we have 



9' = 



a a 

a* p 



By Lemma [4.31 we have > 0' since d > q But G is a hyper maximal flow cor- 
ner, so O = O'. Our formulas for the generalized boundary representations imply that 
4>{I + tcf))- 1 = <j>'(I + tft)- 1 and <ip(I + tip)' 1 = 4>'(I + t^y 1 for all t > 0, hence = 0' 
and ip = ip 1 . We conclude that 7 is a hyper maximal g-corner. 

For the backward direction, suppose there is a hyper maximal q-corner 7 from 4> to 
-0, so the map T : Mjy(C) — > Mjv(C) defined by 



T 



n X n 

Ckxn D kxk J \ 7*(Cfexn) 1p(D kxk ) 



is g-positive. By Proposition ^. 21 the boundary weight map p <E Mjv(C)* — > S(p) defined 
by 

= p(T(fi tfiJVxJV (A))) 

is the boundary weight map of a CP- flow over C , where for some £ we have 

a £ 

Let 

a' £ 

£* /3' 

be any CP-flow such that 9 > 8'. Letting Z t = j(I + stj)^ 1 o Vl Wunxk for all t > 0, we 
see the generalized boundary representations II # = {LT^} and LT' = {H' t } for 6 and 6*' 
satisfy 
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*-(?J)**-Uf) 

for all t > 0. Lemma 14.31 implies that for some <\>' and ^' with 4> > q </>' ><j and 
ip >q ip' > q we have n' t = <j>'(I + s t 4>')~ 1 o fi„ t)nX n and = ^'U + s^P')' 1 ° ^ t ,fcxfc 
for alU > 0. Defining T' : M N (C) -> Mjv(C) by 

n X n 

^ Cfexn ^fcxfc y ^ l*(C kxn ) 1p'(D kxk ) J ' 

we observe that Tl' t o K„ t ,NxN = T'(7 + s f T') _1 for all s t > 0, hence 7 is a q-corner from 
0' to ip' . Hyper maximality of 7 implies <f> = <f>' and ip = ip', thus 8 = 9'. Therefore, 
cr is a hyper maximal flow corner from a to /3, so a d and f3 d are cocycle conjugate by 
Theorem □ 



5. .Eo-semigroups obtained from rank one unital g-pure maps 

Any unital linear map <j> : M n (C) — > M„(C) of rank one is of the form 4>{A) = r(A)I 
for some linear functional r. If 4> is positive, then r is positive and r(J) = 1, so r is a 
state. On the other hand, given any state p, the map <f> defined by <fi(A) = p(A)I is unital 
and completely positive. Furthermore, <j> is q-positive since </>(/ + = (1/(1 + t))(f> 

for all t > 0. The rank one unital g-positive maps are therefore precisely the maps 
A —> p(A)I for states p. 

The goal of this section is to determine when such maps are g-pure, and then to deter- 
mine when the i?o-semigroups induced by ((f), v) and (ip, v) are cocycle conjugate, where 
<f> and ip are rank one unital q-pure maps and v is a normalized unbounded boundary 
weight of the form v(yj I - K{l)By/l - A(l)) = (/, Bf) (Theorem EHJ) . We also obtain 
a partial result for comparing £?o-semigroups induced by (<j>,v) and [ip,p) for rank one 
unital q-pure maps </> and ip and any normalized unbounded boundary weights v and p 
over L 2 (0,oo) ( Corollary I5.5[l . 

We begin with a lemma: 

Lemma 5.1. Let p be a faithful state on M n (C), and define a unital q-positive map 
4> ■ M n (<C) — > M n (C) by 4>(A) = p(A)I. For any non-zero positive linear functional r on 
M„(C) and non-zero positive operator C G M n (C), define ipr c '■ M n (C) — > M n (<C) by 
ip T>c (A) = T(A)C. 

Then tp T ,c is q-positive, and <fi > q ip T ,c if o- n d only if ip T .c = ^4> f or some A € (0, 1]. 

PROOF. Note that for all A e M n (C) and t > 0, we have (I + ti]) Tt c)~ x {A) = A - 
tr(A)/{l+tT(C))C, so 

i>r,c{l + t^ T , c )- l {A) = ^ (12) 



hence ip T ,c is q-positive. 
all A e M„(C). 



It follows from (T5J) that cp(I + ^^(A) 
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= (p(A)/(l + t))Moi 



Assume the hypotheses of the forward direction. Since <f> > q ip T ,C, we have 

p(A)I t(A)C 

l + t- l + tr(C) [ 6) 

for all t > and A > 0. This is impossible if r(C) = 0, so we may assume t(C) ^ 0. 
Letting t —> oo in ([LI]) yields 

,W>^ (14) 
for all A>0. Setting A = C in flU]), we see p(C)I - C > 0, yet 

p(p(C)J-c) = p(C) - p(C) = 0, 
hence C = p(C)I by faithfulness of p. Rewriting (fT4| as 

np{c)i) Iml 

for all A > 0, we see that p — t/\\t\\ is a positive linear functional. Therefore, 



hence r = ||t||p. Setting t — and ^4 = / in ([13]) gives us ||r|| = t(I) = X/p(C) for some 
A £ (0,1]. Therefore, 

^c(A) = r(A)C = ||r||p(A)p(C)/ = Xp(A)I = M{A) 

for all A £ M„(C), proving the forward direction. 

The backward direction follows from Proposition 14. II since \(f> — ^( _1 + 1 / A ) for every 
AG (0,1]. □ 

Remark: Let ip : M n (C) — > M„(C) be a non-zero g-positive contraction such that 
the maps L^ t :— tip(I + tip)~ 1 satisfy ||£i/>J| < 1 for all t > 0. By compactness of the unit 
ball of _B(M„(C)), the maps L^ t have some norm limit as t —¥ oo. This limit is unique: 
Pick any orthonormal basis with respect to the trace inner product (^4, B) = tr(A*B) of 
M n (C), and let M t be the n 2 x n 2 matrix of L^ t with respect to this basis. From the 
cofactor formula for (/ + tip)' 1 , we know that the ijtih entry of M t is a rational function 
Tij (t) . Uniqueness of lim t _>. 00 L^ t now follows from the fact that each r,-j (t) has a unique 
limit as t — » oo. We call this limit L^, Noting that 

tip = L i!t (I - L^y 1 = L$ t + L\ t + . . . 

for each t > 0, we claim that fixes a positive element T of norm one. To prove this, 
we first observe for each k £ N and t > that 

oo 

tU\\ = mm < 11^(7)11 + . . . + IKL*)*- 1 ^)!! + kY J \\{L^ t ) kn (i)\\ 



n=l 



< (k-l) + kJ2\\(L<, t ) k (I)\\ n , 



n=l 
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licncc 

1= Km ||(L^(7)|| = ||(^) fc (7)||. 

Therefore, all elements of the sequence {IfejfegN defined by T k = (L^) k (I) satisfy Tk > 
and ||T fe || = 1. Since T k - T k+1 = (L^) k (I - T x ) > for all k, the sequence {T fc } fceN 
is monotonically decreasing and therefore has a positive norm limit T with ||T|| = 1. 
Finally, fixes T since L^(T) — lim^oo L^ +1 (J) = T. The information at hand 
suffices in showing that a large class of maps is g-pure: 

Proposition 5.2. Let p be a state on M n (C), and define a q-positive map 4> on M„(C) 
by <f>(A) — p{A)I. Then <j) is q-pure if and only if p is faithful. 

Proof. For the forward direction, we prove the contrapositive. If p is not faithful, then 
for some k < n and mutually orthogonal vectors /i,..-,/fc with J^. =1 ||/i|| 2 = 1, we 
have p(A) — ^2^ =1 {fi, Afi) for all A 6 M„(C). Let P be the projection onto the k- 
dimensional subspace of C" spanned by the vectors f\ , . . . , fk, and define a g-positive 
map ip : M„(C) ->■ M n (C) by ip(A) = p{A)P. For each t>0 and A e M n (C), we find 

(0 W _ ^W)(A) = j^WA) - ip(A)) = j-^p(A)(Z - P), 

so > g ?/>. Obviously, ^ 7^ 0^ s ^ for any s > 0, so <\> is not g-pure. 

To prove the backward direction, suppose <f> > q ip > q for some ?/> 7^ 0, and form 
L$ and L$. Since = (i/(l+t))</> for each t > 0, we have = 0. The map L c f >t — L^ t 
is completely positive for all t, so by taking its limit as t — > 00 we see (p—L^ is completely 
positive. By the remarks preceding this proposition, we know that fixes a positive 
T with ||T|| = I. But [cp - L,,p)(T) = p{T)I - T > 0, so p(T) = 1, hence T = I by 
faithfulness of p. 

By complete positivity of <fi—L^, we have \ \<f>— L^\\ = \ \<p(I) — L^(I)\ \ = 0, so <f> = L^. 
Therefore, 

= to(W-^)g + ^))=to(^ + ^)-I^(^+^)) 

= lim (~ + <ptp- tip(I + tip)' 1 (- = Km - + (pip - ip 

= cjnp-ip. (15) 

Letting r be the positive linear functional t = p o if), we conclude from (|15p that 

ip(A) = p(ip(A))I = t(A)I for all A € M„(C). Lemma l5Tl implies that ip = X(p = 
0(-i+i/A) for some A g ( 0; ^ n 

To prove the main result of the section, we need the following: 

Lemma 5.3. Let (p : M n (C) — > M„(C) and ip : Mfc(C) — > Mfc(C) 6e rank one unital 
q-pure maps, and let v and p be normalized unbounded boundary weights over L 2 (0, 00). 
If the boundary weight doubles ((f), v) and (ip,p) induce cocycle conjugate Eq- semigroups 
a d and /3 d , then there is a corner 7 from <f> to ip such that \\"f\\ = 1. 
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Proof. By construction, a d and (3 d are type Ho Po-semigroups. If they are cocycle 
conjugate, then by Theorem 12.61 there is a hyper maximal flow corner a from a to /3 
with associated CP-flow 9 over K\ © K2, where 



e = 



a a 

a* /3 



( Pll 


P12 


l-( 


V P21 


P22 J 





Let Pi = C™ ® P 2 (0, 00) and P2 = C fc (g) P 2 (0,oo). Write the boundary representation 

n = {nf } for e as 

n#=[ i+^(A(i))^° (1 "'' n!<n ^* ] 

* \ 3? l+ Mt (A(l)) V' ^ f .fcxfc J 

for some maps {3t}t>o from P(ip2,Pi) into B{K.2-> K\). Let pn — > aj(pn) and P22 ^ 
v(P22) denote the boundary weight maps for a and /3, respectively. Let p — > S(/o) be the 
boundary weight map for 8, so for some map p\ 2 — > £(pi2) from M nX fe(C)* to weights 
on B(H2,Hi) we have 

u)(pn) £{pi2) 
i*(p2i) V(P22) 

Denote by Ut the right shift t units on H, and let 7r# and be the generalized bound- 
ary representations for a and f3, respectively. For every A = (Aij) g [J t>Q UtB(H)U^ 
and bounded family of functionals {/?(£) = (Pij(t))}t>a in APi+fc(C)*, we observe that 
the argument used in Corollary 3.3 to show that 7r,f = £jf = implies 

limw t (/ + Aw t r 1 ( ) oii(*))04ii) = \im r, t {I + Ar ]t y 1 (P22{t))(A 2 2) = 0, 

t->0 t->0 

so by complete positivity of the generalized boundary representation, we have 

Wt(I + Mt)- 1 {pi2{t)){A l2 ) = 0. (16) 

We claim that P12 — > ^"(^12) is unbounded. If £ is bounded, then for each py 2 G 
-Mrixfc(C)*, the family pi2(t) := (/ + A^)(pi2) is bounded, and it follows from (fl6|) that 

lim£ t (p 12 )(A 12 ) = (17) 

for each ^12 € Ut>o WtB(H 2l Hi)X£, where Wt and X t are the right shift t units on 
Pi and H 2l respectively. Let A\ 2 € Ut>o W t B(H 2 , Hi)X£, so ^4i 2 = W^-BJC* for some 
s > and P € B(H 2 ,H 1 ). For all 6 < s, we have 

4(pi 2 )(^i 2 ) - 4(pi 2 )(w s px s *) =£(p 12 )(w 6 w b *w s px;x 6 x b *) 

= t(pi2)(W b W.- b BX;_ b XZ) = t{p 12 ){W s BX* s ) 

= 1(P12){A 12 ). 

Therefore, by equation (TTT]) we have £{p\2){A\ 2 ) = 0. Let A e P(_P 2 ,-Pi), p 12 G 
•^nxfe(C)*, and i > be arbitrary. From above we have 

£ t {pi2){A)=l{ Pl2 )(W t AX* t ) = Q, 
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hence it = for all t > 0. We conclude from uniqueness of the generalized boundary 
representation that pi 2 — > i{p\2) is the zero map. The boundary weight map p — » 
defined by 





' /Oil 


P12 1 






V P21 


P22 / 





ui(pu) 




gives rise to the CP-flow 



e' 



a a 
a* p, 



where fi' is the non-unital CP-flow #(A 22 ) = X t A 22 X t *. Trivially, 9 7^ 9' and 9 > 9', 
contradicting hyper maximality of er. Therefore, the map P12 i(pi2) is unbounded. 



Since Ilf is a contraction for every t > 0, so is 3t, hence the map 3t A : M„ X fc(C) — > 
M nX fe(C) is a contraction for each t > 0. A compactness argument shows that 3t„ A 
has a norm limit 7 for some sequence {t n } tending to zero, where ||7|| < 1. From 
unboundedness of £ and the formula it = 3t(J — A3t)~ 1 for all i > 0, it follows that I — 7 
is not invertible, so ||7|| > 1, hence ||7|| = 1. We claim that 7 is a corner from <j> to -0. 
Indeed, for the family of completely positive maps {Rt}t>o defined by Rt = Ilf A, we 
have 



lim 7? - Hm I 1 +^( A ( 1 )) V ^ J *" - ^ 7 



□ 



If ^ is a normalized unbounded boundary weight over L 2 (0,oo) of the form 
A(1)P V /J- A(l)) = (/,£/) and if </> : M„(C) -> M„(C) is unital and q-pure, 
we know from Propositions 14.51 and 14.61 that the condition ip = <f>\j is sufficient for the 
boundary weight doubles (<fi, v) and (ip, v) to induce cocycle conjugate £Vsemigroups. 
In the case that is a rank one unital q-pure map, this condition is also necessary: 

Theorem 5.4. Let tj>i : M„(C) — > M n (C) and <p2 '■ Affc(C) — > Mfc(C) &e ranfc one unital 
q-pure maps. Let v be a normalized unbounded boundary weight over L 2 (0, 00) of the 
form i/(v7 - A(l)iV/ - A(l)) = (/, Bf). 

Then the boundary weight doubles (<pi,i/) and {4>2,v) induce cocycle conjugate Eq- 
semigroups if and only if n = k and </> 2 = {4>i)u f or some unitary U G M n (C). 



Proof. The backward direction follows immediately from Propositions 14.51 and 
Assume the hypotheses of the forward direction. Since <j>\ and 4>2 are rank one, uni- 
tal, and q-pure, there exist faithful states p\ on M„(C) and P2 on Mfc(C) such that 
MM) = Pi(M)I nxn and MB) = P2(B)L kxk for all M e M n (C), B e M fc (C). 
By Lemma 15.31 there is a corner 7 from </>i to </> 2 such that H7H = 1. Therefore, 
for some A e M„ X fc(C) of norm one and unit vectors fo € C™ and g € C fc , we 
have I (/o, 7(^o)5o)| = 1- Define w € M nXfe _(Q* by w(A) = (/o, 7(^)50), noting that 
||w|| = \uj(A )\ = 1. We claim that the map : M„ +fe (C) M 2 (C) defined by 



/ All 


Al 2 




I A 21 


A 22 , 





jOi(Au) uj(A 12 ) 
oj*(A 2 i) p 2 (A 22 ) 
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is completely positive. To see this, let {Fi} e i=1 be arbitrary vectors in C 2 , writing each 
Fi as 



Fi = 



A 2 



for some complex numbers {Aij}f =1 and {A 2 j}f =1 . 

Since the map ip : M n+ k(C) — > M n+ k{C) defined by 



( A u 


A 12 




{ A 21 


A 22 , 


)-( 



Pi(A n )I 7(^12) 
l*(A 2 i) P2{A 22 )I 



is completely positive by assumption, we know that for any Ai, . . . , Ai G M n +k(ty and 
the vectors 

Fi = ( )eC n + k , i = l,...,k, 



A 2 i5o 

we have 

1 

J2 (-Pi) i>{A*iAj)F^j > 0. 
However, for each i and j we find that 



(i^,V(A*^)^) cn+fe = A7lA li p 1 ((A* J 4 j ) u ) + A^A 2i u;((A*A i )i2) 

+A 2 ~A il w([(A*A i ) 2 i]*) + A^A 2i p 2 ((A*^) 22 ) 



c 2 

2 



Therefore, for all £ G N, € M„ +fc (C), and Fi,...,i^ e C 2 , we have 

Elj=i > 0, so t/> : M 2 „(C) ->■ M 2 (C) is completely positive. Since 

pi and p 2 are positive linear functionals (hence completely positive maps), uj is a corner 
from pi to p2- 

By faithfulness of pi and p 2 , there exist monotonically increasing sequences of strictly 
positive numbers {Ai}™ =1 and {pj}j =1 with J^" =1 A| = X)j=i = 1> along with or- 
thonormal sets of vectors and {gj}^ =1 , such that pi(M) = Y17=i ^? (/*> ^/*) an d 

P2(S) - : //;(.'/.,. /*//,! for all M G M„(C), S G M fe (C). Given A G M nxfc (C), let 
A be the matrix whose jzth entry is (fi,Agj), observing that \\A\\ — \\A\\. Let D\ and 

be the diagonal matrices whose zith entries are Ai and pi, respectively, for all i, and 
let D\2 and D^i be the diagonal matrices whose iith entries are A 2 and p 2 , respectively, 
observing that D X 2 = (D\) 2 and = {D^) 2 . 



By Proposition 13.51 u> has the form 

u(A) )Jr, ; A,// ; :/,..W/ ; i = triCDpADx) = tr(CD M (D x A*)' 



for some C = (c^ ) G M„ X fc(C) such that ||C|| < 1. 
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By the Cauchy-Schwartz inequality for the inner product (B,A) = tr(AB*) on 
■M„.x fc(C), w e have 

1 = \uj{A {) )\ 2 = \tr{CD^D x A *Y)\ 2 = \{CD„D X A *)\ 2 

< {CD^CD»){D X A Q * ,D X A *) = ir(D M C*CD M )tr(X> A io* A D X ) 

< tr {D ^2 I k )tr (D X 2 I n ) < 1*1 = 1. (18) 

Since equality holds in all the inequalities above, we have mCD^ = D X A for some 
rn G C. It follows from (1181) that \m\ = 1 since HC-D^Ht,. = ||Z?aA) \\tr — 1- Furthermore, 
since equality holds in (fTS)) and the trace map is faithful, we have C*C — Ik and A$ A® = 
I n . But C G M„ X fe(C) and A$ G Af„ X fe(C), so n = k, hence C and A$ are unitary. 

Writing D x = mCD^A = (mCA )(A D^Ao), we observe that mCA is unitary 
and Aq D^Aq is positive. Uniqueness of the right Polar Decomposition for the invertible 
matrix D x implies 

D x = A *D f ,A . 

Since the diagonal entries in D x and D M are listed in increasing order, it follows that 
D x = D^, hence p2 is of the form p2{M) = Y^i=i G?i> Mgt). Defining a unitary 
U G M n (C) by letting Ugi = fa for all i and extending linearly, we observe that 

n n 

P2 (M) = £ X 2 i(U*fuMU*fi) = ]T X 2 (fi, UMU*h) = Pl (UMU*) 

i=l i=l 

for all M G M„(C). In other words, <j>2 — {<Pi)u- O 

In [9|], Powers constructed i?o-semigroups using boundary weights over L 2 (0, oo). It 
is routine to check that in our notation, these are the ^-semigroups arising from the 
boundary weight doubles (ic, 77), where ic is the identity map on C and 77 is any boundary 
weight over L 2 (0,oo). 

Corollary 5.5. Let <f> : M„(C) — > M n (C) and ip : Mfc(C) — !• Mfe(C) be united rank one 
q-pure maps, and let v and r\ be normalized unbounded boundary weights over , 00 . 
Denote by a d and P d the Bhat minimal dilations of the CP -flows induced by the boundary 
weight doubles (0, v) and respectively. 

Ifnj^k, then a d and /3 d are not cocycle conjugate. In particular, if n ^ 1, then a d 
is not cocycle conjugate to the Eq- semigroup induced by (ic,n)- 

Proof. From the proof of Theorem 15.41 we know that every corner 7 from <p to tp 
satisfies ||7|| < 1 since n^k. The result now follows from Lemma \5. 31 □ 

6. Invertible unital g-pure maps 

Now that we have classified the unital g-pure maps on M n (C) of rank one, we ex- 
plore the unital g-pure maps cj> which are invertible. In a stark contrast to the rank 
one case, we find that for a given normalized unbounded boundary weight of the form 
v{yjl- K{l)By/I- A(l)) = (f,Bf) on L 2 (0,oo), the doubles (<j>,v) and (ip,v) always 
induce cocycle conjugate E^-semigroups if <f> and ip are unital invertible g-pure maps on 
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M„(C) and M k (C), respectively. 

The following proposition gives us a bijective correspondence between invertible uni- 
tal g-positive maps <j> : M n (C) M n (C) and unital conditionally negative maps VP : 
M„(C) M n (C): 

Proposition 6.1. If <fi : M n (C) — > M n (C) is an invertible unital q-positive map, then 
<f>~ x is conditionally negative. On the other hand, if $ : M n (C) — > M„(C) is a unital 
conditionally negative map, then \& is invertible and is q-positive. 

Proof. Let ip = <\>~ l . Since <f> is self-adjoint, so is ip, and the first statement of the 
proposition now follows from the fact that for large positive t we have 



txj){i + t4>)- 1 =tip-\i + tt/j- 1 )- 1 = t(ip + ti)- 1 = (l+j) 



i =/- — + — 
t t 



To prove the second statement, let "J : M„(C) — > M n (C) be any unital condi- 
tionally negative map. Since ^> is conditionally negative, it follows from a result of 
Evans and Lewis in |5] that e~ s * is completely positive for all s > 0. Therefore, 
|| e -s*|| = || e - s *(/)|| '= ||e- s /|| = e~ s for all s > 0, and the integral J °° e" s *ds con- 
verges. Observing that (d/ci,s)(— e~ s *) — tye~ sSS , we find that 

*( I™ e- s9 ds] = [°° Ve- S *ds= lim (-e- s *)|g = J, 

so ^ is invertible and = J °° e~ s ^ds. Since "J -1 is the integral of completely positive 
maps, it is completely positive. Furthermore, we find that 1 1 + '5 is invertible for every 
t > and that > q 0, since the following holds for alH > 0: 

/>oo />oo 

/ e- st e~ s *d S = e- s ( tI+ *Us = (tI + y)- 1 =y- 1 (I + m- x )-\ 
Jo Jo 

□ 

Examining the inverse of a unital invertible g-positive map <f> is the key to finding the 
invertible q-subordinates of 4>, as we find in the following proposition and corollary: 

Proposition 6.2. Let <pi : M„(C) — > M n (C) be an invertible unital q-positive map, and 
let ipx = (b^ 1 . Suppose -02 : M n (C) — » M n (C) is conditionally negative and ip2 — ipi is 
completely positive. Then ip2 is invertible, and <f>2 '■= (1P2) 1 satisfies (pi > q <p2 > q 0. 

Proof. Assume the hypotheses of the proposition, and let s > be arbitrary. Define a 
function / on R by f(t) = e -*^i e (i-l)^2_ The equality below is /(l)-/(0) = f'(t)dt: 

e -»h _ e -s*p 2 = f se -tsi>i^ 2 _ ^elt-Vnhfc 



The inside of the integral above is the composition of completely positive maps, so 
e -«h _ e -^2 is completely positive. This implies e"^ 1 (I) - e~ s ^ 2 (I) > 0, so 



|e-^|| = || e -* (/) ||<|| e -* (/) || = || e - S(J) || 
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Now the argument given in the previous proposition shows that J °° e~ s ^ 2 ds converges 
and is equal to ip^ 1 - Letting <p>2 — ip^ 1 ' we observe that (pi > q (p2 since the quantity 
below is completely positive for every t > 0: 

/>oo 

Jo 

□ 

Corollary 6.3. Let (pi : M n (C) — > M n (C) be an invertible unital q-positive map, and let 
cf>2 : M„(C) — > M n (C) be linear and invertible. 

Then (pi > q (p2 > q if and only if (p^ 1 is conditionally negative and (p^ 1 — (p^ 1 i. 
completely positive. 



is 



Proof. The backward direction follows from Proposition 16.21 Assume the hypotheses 
of the forward direction and let ipi = tp^ 1 and "02 = <f>2 ■ Since (p2 is self-adjoint, so is 
tf>2- For sufficiently large positive t we have 

and 

t*(Mi + t^i)" 1 - Mi + tfor 1 ) = V> 2 - Vi + - + ...). 

The first equation shows that (p^ 1 is conditionally negative, while the second shows that 
(p^ 1 — (p^ 1 is completely positive. □ 

Now that we know how to find all invertible g-subordinates of an invertible unital 
q-positive map <p, we ask if there can be any other g-subordinates of (p. We will find 
that the answer is no (see Proposition 16. 9[) . Proving this will require the use of some 
machinery (notably Lemma l6.8p . which we now build. 

Definition 6.4. For every <p : M„(C) — > M„(C) and e g [0, 1], we define a map (p e by 
(j> e =el+(l- e)cp. 

If (p is g-positive, then <p e is invertible for all e € (0,1]. In the lemmas that follow, we 
make frequent use of the fact that for alH > we have 

t<p{I + t<p)- 1 = I - {I + t(P)-\ (19) 

We present a quick consequence of ([T9"f for all a > and b > 0: 

a(I + btcpy 1 = al - abtcp(I + btcp)' 1 (20) 

Lemma 6.5. Lei : M n (C) — > Af„(C) fee completely positive. If (p eh > q for some 
monotonically decreasing sequence {efc} of positive real numbers tending to 0, then (p > q 0. 
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Proof. Assume the hypotheses of the lemma. Let k be arbitrary. Since cf> ek > q 0, we 
know I — (I + t(f) tk )^ 1 is completely positive for all t > 0. Noting that 

I — (I + t^)- 1 = I - ((1 + tel) + (1 - e)t<j>) ' = / - ^ (/ + ^=^) 1 
and substituting i' = t(l — efc)/(l + te^), we see 



Varying t throughout [0,oo), we find that the above equation is completely positive for 
all t' € [0, -1 + 1/efc). Of course, for any £' e [0, -1 + l/e fe ), we have i' e [0, -1 + 1/q) 
for all £ > fc by monotonicity of the sequence {e n }. Therefore, we may repeat the same 
argument to conclude that for any t' € [0, —1 + 1/efc), the map 



ee+t'ee > 



is completely positive for all £ > k. 

Now fix any t' > 0, so t' G (0, —1 + l/e^) for some k £ N. A straightforward com- 
putation shows that the sequence {c n } defined by c„ = e n /(l — e„ + i'e„) monotonically 
decreases to 0. From the previous paragraph, we know that the map 

is completely positive for all £ > k. Since c„ I it follows that 

J-(J + t»-i 

is completely positive. In other words, t'cj)(I + t'(j>)~ 1 is completely positive. Since t' > 
was chosen arbitrarily and </> is completely positive, the lemma follows. □ 

Lemma 6.6. If <j> : M„(C) -> M„(C) and > 9 0, i/ien </> e > g /or aZZ e € [0, 1). 

Proof. Suppose that </> > q 0, and let e e [0, 1) be arbitrary. For each t > 0, we apply 
formula (H to a = 1/(1 + fe) and 6 = i(l - e)/(l + fe) to find 



1 + te \ 1 + te 



l + te/ (l + ie) 2V V 1 + te 

where both terms on the last line are completely positive by assumption. Furthermore, 
4> e is completely positive, hence <j) e > q 0. □ 

Corollary 6.7. Let (f> : M n (C) — > M n (C) 6e a completely positive map. Then <f> > q if 
and only if <p e > q /or all e G (0, 1). 
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Lemma 6.8. Let <p : M n (C) M„(C) and ip : M„(C) -» M„(C) 6e q-positive maps. 
Then <p > q ip if and only if (p e > q ip t for all e £ (0, 1). 

Proof. For any e £ (0, 1) we have (p e — ip e = e(cp — ip), so <p — ip is completely positive 
if and only if cp t — ip t is completely positive for all e £ (0, 1). For all t' > we have 

i'(V(/+*^r 1 -'0(/+t'V'r 1 ) = (/ + tv-r 1 - (^ + *vr\ (21) 

and for all t > we have 

1 + ieV 1 + te ; V 1 + te ' J V ' 

Assume the hypotheses of the forward direction. Showing that cp e > q ip e for all 
e £ (0, 1) is equivalent to proving that (f2"2"j) is completely positive for every t £ (0, oo) and 
e e (0, 1). But this follows from complete positivity of (|2ip since t(l — e)/(l + te) G (0, oo) 
for every e £ (0, 1) and t € (0, oo). Now assume the hypotheses of the backward direction. 
Any t' £ (0, oo) can be written as t(l — e)/(l + te) for some e € (0, 1) and t £ (0, oo), so 
complete positivity of (|2"2"j) for all such e and t implies that (|2"TT) is completely positive 
for all t' > 0, hence (p > q ip. □ 

We are now in a position to prove what is perhaps the most striking result of the 
section: 

Proposition 6.9. Let £ : M n (C) —¥ M n (C) be an invertible united q-positive map. If 
4> : M n (C) — > M„(C) is q-positive and £ > q <p, then (p is either invertible or identically 
zero. 

Proof. For every e £ (0, 1), form £ e and (pe as in Definition 16.41 and let ip e :— (0 e ) _1 . 
By Lemma we have £ e > q (p e for each e, so ?/> e is conditionally negative and ip e — (£ e ) _1 
is completely positive by Corollary I6.3I We first examine the case when the norms HV'ell 
remain bounded as e — > 0. More precisely, suppose that for all e sufficiently small we 
have HV'ell < r f° r some r > 0. By compactness of the closed unit ball of radius r in 
B(M n (C)), there is a decreasing sequence {efcj/cgN converging to such that {ip ek }k£ft 
has a (bounded) norm limit ip as k —¥ oo. Noting that 

I~H> = <t>e k tpe k ~H> = (<Pe k ~ <P)(lpe k ~ Ip) + <P{lpe k ~ Ip) + {<Pe k ~ <P)lp 

and then applying the triangle inequality, we find that 

#|| = ||0 e ^ e »- #|| 

< \\<p tk - 0|| ||^ fc - ip\\ + Ml \\A k -1>\\ + \\4>e k - 011 IMI 

for all k £ N. But <p an d i> are bounded maps while ip ek — > ip in norm and <p €k — > <fr in 
norm, so the above equation tends to as k — > oo. We conclude that (pip = I. Similarly 
ipep = I, hence <p is invertible and ip = (p^ 1 . 
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If the first case does not hold, then for some decreasing sequence {e k } tending to zero, 
the norms {H^eJIHeN form an unbounded sequence. For each k £ N, we write 



= s k A + Y k A + AY k * E S ^ AS t 
i=i 

and 

i k 

A k (A) = t k A + Z k A + AZl - J2 T ki ATl, 

i=i 

where m k ,£ k < n 2 , s fe el, i t e M, ir(Yfc) = ir(Z fe ) = 0, tr(S ki ) = and tr(S^S kj ) is 
non-zero if and only if i = j < m k ), and tr{T ki ) = and tr{T^,T kj ) is non-zero if 
and only if i = j < l k ). 

Since tp ek — (£ efe ) _1 is completely positive for all k £ N, we know that for each fc, 
there exist p k < n 2 , complex numbers {x ki }^ l7 and maps {^"fc;}£i with tr(X ki ) = 0, 
such that for all A £ M„(C), 



i=l 

Pk Pk 

= (£ia*,i 2 )^+ (J2^ Xk i) A+A {J2^ Xk 

i=i 
Pk 

+ Y,X ki AX* ki . 



i=l 



i=l 



Simultaneously, for all A £ M„(C) we have 

Wo ~ (&J _1 )(^) = (t k - Sk )A+(Z k -Y k )A + A(Z k -Y k y 



(j2 Sk * ASk * - £ Tfe * AT i ) ■ 



1=1 



i=l 



We claim that 



i=i 



i=i 



for all k £ N. To prove this, we let {i>j}™ =1 be any orthonormal basis for 
hj = Vj/y/n for each i, let / £ C" be arbitrary, and define maps A, for j = 1, . 



(23) 



(24) 



(25) 

a , let 
,n by 

Aj = fh*. Using the trace conditions on the maps Y k , Z k , {T ki }, {S ki }, and {X ki }, we 
find that 



= (£k<U 2 )/+(£^-V)/- 



31 



»=i 



i=l 



Since / was arbitrary, it follows that 



tk ~ s k - ^2 \ x k % \jl = ( y^XkfXkn) - (Z k - Yf 



Pk 



Taking the trace of both sides yields 

PA 



Pk Pk 

= tr ((j2 m ^ X ki) -{Z k -Y k )) = tr({t k -s k -^ j \x ki \ 2 )I 



so tk - Sk = Y%=i \ x ki I 2 and Z k - Y k = Y%=i x k t X ki . Formulas (J23J and ([M]) now imply 
that 

Pk m k e k 



1=1 



Therefore, the map A —> X)I=\ S^AS^. — Yl\=i T ki ATj t . is completely positive, and 



x ki =\\y] SkjSkj - T ki T ki < y^5 fci 5 



j=i 



i=i 



>=i 



establishing (|25|). 

We now show that there exists some MeN such that 

ll*k,ll < M 



(26) 



for all k £ N and i £ {1, . . . ,p k }. To do this, we first note that since the sequence 
of invertible maps {£ efc }fceN converges in norm to the invertible map £, the sequence 
{(£efc) - }*eN converges in norm to £ . Write £ _1 in the form 

m 

£- l (A) = sA + YA + AY* - SiASf, 



where m < n 2 , s £ K, tr(Y) = 0, and for all i and j, tr(Si) = and tr(SiS*) is non-zero 
if and only if i = j. Let / £ C" be arbitrary, and define vectors {hj}^ =1 and maps 
{Aj}™ =1 exactly as we did earlier in the proof. Then Y^j^ii^k)^ 1 (-Aj)hj = s k f + Y k f 

for all k £ N and Y^j=i £ -1 (A?')' 1 .? = s / + ^/- Since (£ eii ) _1 converges to as k —> oo, 
we see that (s k — s)f + (Y k — Y)f converges to as k —> oo. But / was arbitrary, so 



lim 



- a)I + Y k - y) = 0. 



The limit of the trace of the above equation must also be zero, so s k converges to s 
and consequently Y k converges to Y. This implies that not only are the sequences of 
complex numbers {s k } k *L 1 and maps {Y k } k *L 1 both bounded, but that the sequence of 
linear maps {Wfc}£Lj defined by W k (A) = SkiAS k . is bounded and converges to 

the map W(A) = J2T=i S i AS i ■ Choose M £ N so that M 2 > n 2 sup keN {\\W k \\}. For 
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every k £ N and i E {1, ...,m/s}, we have ||jSfc 4 || 2 < ||Wfc|| < M 2 /n 2 . Combining this 
fact with (j25]l . we find that for every k <E N and i € {1, . . . ,Pk}, 



\X kt \\ 2 = ||X fci X fe *||<||^X fci X fc *J|<||^5 fe< ^||<^||S fei 

2—1 i= 1 2—1 

< n 2 max{||5 fci || 2 :* = l,...,m k } < M 2 , 



proving (|26p . 

Since ||V>eJ| — > oo as fc — > oo while ||(£efc) _1 || — * < °°; there is a sequence of 

maps {j4 £( .} of norm one such that \\(tpe k — (£e fc )~ 1 ){A ek )| | -> oo as fc -> oo. However, 
we also have 



Pk pk 



i=l i=l 

i=l i=l 

< ^|^ ! | 2 + 2M^| a;fe! |+p fc M 2 . (27) 



We note that 

(EM 2 >£i^>si^>s^ (28, 

i=l i=l ^ fe n 

for all k. For each k, let = X^iii \ x ki\, noting that X k — > oo as k — > oo since Eq. (j2"7| 
tends to infinity as k — >• oo. Let A € M„(C) be any matrix such that ||A|| = 1, and let 
C — sup fcgN ||(^e fe ) _1 || < oo. Using the reverse triangle inequality and ([28]). we find that 
for each k GN, 

Ue k (A)\\ > IK^-CeeJ- 1 )^)!!-!!^)- 1 ^)!! 

A 2 

> -| - 2MX k - n 2 M 2 - C. (29) 
n z 

Since lim^oo X k = oo, Eq. ([29[) tends to infinity as k — > oo. For all k large enough that 
Eg. ([2U| is positive, we have 

, 1 1 

" 0eJI ~ inf{||^(^)|| : Pi =1} " X 2 /n 2 -2MX k -n 2 M 2 -C' 

so limfe-^oo ||^> C J| = 0. But the sequence {4>ek}kLi converges to <fi in norm, hence <p = 0. 

□ 

Proposition 6.10. An invertible unital linear map <f> : M n (C) —> M n (C) is q-pure if 
and only if (p^ 1 is of the form 

^(A) = A + YA + AY* 

for some Y = —Y* € M n (C) such that tr(Y) = 0. 
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Proof. Let ip = <p 1 . Assume the hypotheses of the forward direction. Write 

fe 

ip(A) = sA + YA + AY* - KXiAX*, 

i=i 

where s £ R, tr(Y) = 0, and for each i and j we have > 0, tr(Xi) = 0, and 
tr{X*X J ) = nS. lJ . 

Defining V' : M„(C) M„(C) by 

V>'(A) = sA + YA + AY*, 

we note that i// is conditionally negative, and ip' — ip is completely positive since (^/ — 
V0(A) = X2i=i ^jXjAX* for all A By Lemma T6. 21 it follows that i// is invertible and 
that ft := (^0 _1 satisfies > q ft > q 0. 

Since cp is g-pure, there is some to>0 such that <^>' = ft to \ hence 

$ = = (^i+toft-'y 1 = (tp-Hi+to^y 1 = ((toi+^y 1 =t i+i>. 

Therefore, for all A £ M„(C) we have 

fe 

ip'(A) = ^>(A) + ^ ,\,.Y,.1.Y; = ^(A) + t A, 

3 = 1 

so the map L : A —> XjXjAX* satisfies L = tol. We repeat a familiar argument: 
Let / £ C™ be arbitrary, choose an orthonormal basis {vk}^ =1 of C™, define hk = 
Vk/y/n for each k, and form {Afc}]?-, by Ak — fht- The trace conditions for the maps 
{Xj} imply that X^fe=i L(Ak)hk = 0. However, since L = t$I, we must also have 
Y^k=i L(Ak)hk = tof. From arbitrariness of /, we conclude to — 0. Therefore, ip has the 
form tp(A) = sA + YA + AY*. Since ip{I) = I = si + Y + Y* and tr(Y) = 0, we have 
s = 1 and consequently Y — —Y*. 

Now assume the hypotheses of the backward direction. Note that ip is conditionally 
negative and unital, hence (p is g-positive by Proposition 16.11 Let $ be any non-zero 
g-positive map such that <j> > q so by Corollary 16. 31 and Proposition l6.9l $ is invertible 
and W := is a conditionally negative map such that 'f — ip is completely positive. 

Write ^> in the form 

m 

m(A) = s'A + ZA + AZ* -^^TiAT*, 

i=i 

where s' £ K and for all i and j, Hi > 0, tr(Ti) = 0, and tr(T*Tj) — nSij. Writing 
C = Z — Y, we have 

m 

= (s'-l)A + CA + AC*-^// i T i Ar;. 

i=l 

By a familiar argument, complete positivity of "J/ — ip and the trace conditions for the 
above maps imply that s' > 1, C = 0, and Tj = for all i. Therefore & = ip + (s' — 1)1, 
so $ = <I>~ 1 = We conclude that <p is g-pure. □ 

34 



Let the matrices {ejfc}™ fc=1 denote the standard basis for M n (C), writing each A = 
(cijk) G M„(C) as A = J^j u a jkejk- The following theorem classifies all unital invertible 
g-pure maps on M n (C): 

Theorem 6.11. An invertible unital linear map <fi : M n (<C) — » M„(C) is q-pure if and 
only if for some unitary U G M n (C), the map 4>u is the Schur map 

( l +l (A J /-A fc ) e ^ */ 3 < k 

4>u{ajke k) = I ajkejk if j = k 
I i-i{\j-\ k ) e o k tf 3 > k 
for all A = (ajfc) G M„(C) and j, k — 1, . . . , n, where Ai, . . . , A„ G R and Ai + . . .+A n = 0. 

Proof. Assume the hypotheses of the forward direction. By the previous proposition, 
ip := cj)- 1 has the form ip(A) = A + YA + AY* for some Y G Af„(C) with Y = -Y* 
and tr(Y) = 0. Let B = -if, so B = B* . Defining Y := (1/2)/ + Y = (1/2)/ + iB, 
we find ip(A) = YA + AY* for all A G M„(C). Since i? is self-adjoint, there is some 
unitary U G M n (C) such that U*BU is a diagonal matrix D. For each fc G {1, . . . ,n) 
let At £ t be the kk entry of D. Note that since tr(B) = we have X)fe=i ^fe = 0; an d 
that U*YU is the diagonal matrix M whose kk entry is 1/2 + iXk- Defining a map ipu 
by V>£/(A) = U*ip{UAU*)U for all A G M„(C), we find that 



ipu(A) = U*{YUAU* + UAU*Y*)U 

= (U*YU)A + A(U*YU)* = MA + AM*. 

A quick calculation shows that this is just the Schur map 

!(1 + - \k))a kdjk if 3 < k 
a jk e k if 3 — k , 

(1 - - \k))a 3 kejk if 3 > k 

and so (ipu) -1 has the form 

[ i+^-A fc) e jfc ifj<fc 
(f/'(7)~ :L (a :) 7 C e i fc) = < ajkejk i£ j = k . 

It is straightforward to verify that {ipu)" 1 is the map (j>u{A) = U* (j>{U AU*)U . 

Assume the hypotheses of the backward direction. Let T be the diagonal matrix 
whose fcfcth entry is Xk for every k — 1, . . . , n. We observe that tr(T) = and T = T* . 
Now let C = iT, and let f = (1/2)7 + C. We routinely verify that C = -C* and 
tr{C) = 0, and that ((pu)' 1 satisfies (0c/)" 1 {A) = T A + AT* = A + CA + AC* for 
all A G M n (C). Proposition 16.101 implies that <ftu is g-pure, whereby <j> is g-pure by 
Proposition ^. 51 □ 

As it turns out, boundary weight doubles ((/>, v) for invertible unital g-pure maps 
(j> : M n (C) — > M n (C) and normalized unbounded boundary weights v over L 2 (0,oo) 
of the form v(y/ 1 — K{1)B y/ 1 — A(l)) = (f,Bf) give us nothing new in terms of Eq- 
semigroups: 
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Theorem 6.12. Let 4> '■ M n (C) — > M n (C) be unital, invertible, and q-pure, and let v be a 
normalized unbounded boundary weight over L 2 (0,oo) of the form v(y/l - A(l)By/l - A(l)) = 
(/,£?/). Then ((j>,v) and (ic,v) induce cocycle conjugate Eg-semigroups. 



Proof. By Theorem 16.111 and Propositions 14.51 and 
Schur map 

i+i(\ 3 k -\ k ) e ik 11 3 < k 

(ajkejk) = 



we may assume that <f> is the 

< k 
if j = k 



U>j k &j k 

for some Ai, . . . , A„ € R with Ylk=i = 0. 

By Proposition 14.61 it suffices to find a hyper maximal g-corner from <fi to tc- For 
this, define 7 : M„ xl (C) -> M nxl (C) by 



/ h \ 




( 4> \ 


b 2 













Now define T : M n+ i 
T 



M n+ i(C) by 



•^ra X n -Sri X 1 
Cl xn (2 



<j>{A 

7*(Cixn) a 
Letting An+i = 0, we observe that T is the Schur map satisfying 

T(a,jkejk) - 



a jk e jk if j = k 

for all j, k = 1, . . . , n + 1 a nd A = (a jk ) E M n (C). Since Yh=i = S"=i ^ = 0, it 
follows from Theorem 16.111 that T is g-positive (in fact, g-pure), hence 7 is a g-corner 
from cj) to ic- Now suppose that T > q T' > q for some T' of the form 



^•1 ( A nxn B nx l 
Clxn 0, 



<f>'(A MX 17 

7*(C lxn ) i'(a) 



Since T is q-pure and T' is not the zero map, we know that T' = for some t > 0, 
and a quick calculation gives us 



4> (t) (A n x n ) 7 (t) (S„xi) 
(7*) (t) (Cix„) t^(«) 

By inspecting the two formulas for T' we see 7 = 7^. But 7M has the form 



A n x n B 

Xl) 



'TiXJl 

Ci> 



nxl 

a 



*(*) 



/ h \ 

b 2 



V K J 



( 1+t+zAi fo l \ 
62 



l+t+iX 2 



hence i = 0. Therefore, T' = T, and we conclude the g-corner 7 is hyper maximal. □ 
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In conclusion, we approach the broader question of simply finding all unital q-pure 
maps 4> '■ M n (C) — > M„(C), as they provide us with the simplest way to construct and 
compare _E -semigroups through boundary weight doubles. We believe that all g-pure 
maps are invertible or have rank one. For n = 2, we find in Q that this conjecture holds: 
There is no unital g-pure map <fi '■ -^(C) — > M2(C) of rank 2, and there is no unital ex- 
positive map 4> : M2(C) — > M2(C) of rank 3. It seems that for n — 3, the key to classifying 
unital g-pure maps is through investigation of the limits = lim^oo t(f>(I + £c/>) _1 , 
though the situation becomes very complicated if n > 3. 
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7. Notes on Version 2 



The text of this version should be identical to that of the version appearing in the 
Journal of Functional Analysis. 

There is an update for reference @: 

C. Jankowski, Unital q-positive maps on Ma(C) and a related Eg-semigroup result, 
larXiv:1005.4404k d. 

The author apologizes that some typos remain: 

In Theorem 2.2, the equation of minimality should read "a^ (WAi W*) ■ ■ ■ af n [WA n W*)W f, 
and we should have "/ € Hi" rather than "/ € K." 

In the last equation of the proof of Lemma 3.5, the and T[ terms should be Si and Ti 
terms. In this same equation, the numbers a.y should be r^. 

The last line of page 23 should read l %(pi 2 )(A) = £(p 12 )(w t [W t *AX t ]X^ = 0." 
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